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A control systemn with nonlinear feedback is considered, The origin is a stable equilib-
rium state of this system, Necessary and sufficient conditions are obtained under wich
the system has more than one stationary state, The question of the stability of the
"superfluous” equilibrium states is investigated, Certain elementary properties of the
origin®s region of attraction are examined,

1, Statement of the problem, We consider a control system described by
the following matrix differential equation with constant coefficients:

dr | dt = Az + bu 1.1)
Here z = || z;|, A =] a;;f, b =|b;| are matrices of orders (n X 1), (n X n),
(n X 1) ,respectively, u is the control function having the form

u=g0) (0= cz) (1.2)
Here ¢ = | ¢; || is a constant matrix of order (1 X n) and @ (0) is a continuous function
satisfying the following constraints: '

9(0)=0, ¢ (0)=Fk O<k<oo) (1.3)
0<L(s)/o<<k when =0 (1.4)
¢(s)/6—>0 as |s|—oo (1.5)

We shall assume that the usual existence and uniqueness conditions of the solutions
under any initial conditions are fulfilled for the system (1.1),(1.2).

As a consequence of condition (1, 3) the origin will be an equilibrium state of system
(1.1),(1.2). Let us assume that this state is an asymptotically stable equilibrium posi-
tion of system (1,1) when u = ks, i.e. of the system

dr ] dt = (A + kbe)z (1.6}
In other words, let
Rek; <0 (=12 ..,n) (1.7)
where the A; (i = 1, 2, ..., n) are the roots of the characteristic equation
det (A + kbc — AE) = 0 (1,8)

As is easily seen [1], under condition (1,7) the state z = 0 is an asymptotically
stable stationary state of system (1, 1), (1.2).

We pose the problem:; determine the conditions under which system (1,1),(1.,2) has
stationary states not just at the origin, i, e, has more than one stationary state, In other
words, the problem consists in determining the conditions under which "superfluous™
(unnecessary) equilibrium positions arise in system (1,1), (1.2), In the case when more
than one stationary state are found in the system, we consider the question of the stabi-
lity of these states,

The question on the number of equilibrium states and on their stability will be exam-
ined below also for the case when the function ¢ () is discontinuous at c=0(k = oo).
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In this case the constraints imposed on the function-@ (0') will be somewhat modified,
2, Stationary states in the case K < oo, It is obvious that those and
only those states which satisfy the conditions
Az = — by (cx) (2.1)
are the equilibrium positions of system (1.1), (1. 2).

Let us consider the case when the matrix 4 has zero eigenvalues (det (4) = 0).
Here the rank r of matrix A is less than r,

rdy<n (2.2)
We prove that the following lemma holds,

Lemma, Under the condition det (4) = 0 the system (1,1), (1.2) has a unique
equilibrium state at the origin,

Let r)b, 4b, ..., A" B=p<n 2.3)
When p = n ,system (1,1) will be completely controllable in Kalman's sense [2],

As follows, for example, from [3, 4], system (1.1), (1. 2) can be reduced by means of
the nonsingular transformation z = @z to the form

dzy/dt = A,2) + Agzs + by (027 + coz2), dzo/dt = Azzg (2.4)
Here 3, 22, A, A3, 43, by, ¢;, 2 are matrices of orders (p X 1), [(n — p) X 1], (p X P):
[(n—p) X (n—p),[p X (n— P, (e X 1), A Xp)1 X (rn— p)],respectively,
Moreover, r(V)=r|b,dih, ...,A;_lbx I=p (2.5)

From the condition that system (2,4) is asymptotically stable it follows that r (4s) =
= n — p, and, hence, from condition (2, 2) we obtain

rid)<e (2.6)
From the equality r (4:) = n — p it follows that Eq, (2, 1) in the variables z, 22
acquires the form Ay = — b9 (¢z), 22=0 2.7)

Thus, the investigation of Eq, (2, 1) is reduced to the investigation of Eq, (2, 7) of order
p, for which equality (2, 5) holds,

The columns of matrix J are linear combinations of the columns of the matrix | 4,,
b, | and, therefore, r (V) <Crl Ay, by | (see [56]). Since r| Ay, b | < P, we conclude
from relation (2, 5) that Pl Ay bij = p (2.8)

As is seen from (2. 6) and (2, 8), note that r (4,) = p — 1.

Relations (2, 6) and (2, 8) form the foundation for the assertion that equality (2,7) can
hold only when @ (c1 21) = 0. From condition (1, 3) and inequality (1. 4) it follows that
¢ () = U only when o = 0. Therefore, Eq. (2. 7) can have only such solutions z, for
which ¢;z; = 0. Consequently, these solutions z, satisfy the equations

A121 = (J, €121 = 0 (29)

If system (2, 9) has even one nontrivial solution, then it has nontrivial solutions arbitra-
rily close to the origin, This signifies that system (2, 4) has stationary states arbitrarily
close to the origin, but this contradicts the condition that the state z = ( is asymptotic~
ally stable, Consequently, Eq, (2, 9) has only a trivial solution, Hence it follows that
Eq. (2.7), and, therefore, also Eq. (2. 1), has only a trivial solution.
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Let us now assume that

r{dy=n (2.10)

Then all the stationary states of system (1,1), (1. 2) satisfy the matrix relation

= — Ay (cz) (2.11)
i,e, are located on a straight line passing through the origin, If a state z satisfies con-
dition (2,11), then the quantity ¢ = cx satisfies, obviously, the scalar equation

= — cA1bg (0) (2.12)
The converse is also easily shown: if a certain number ¢ is a solution of Eq, (2, 12), then
the vector z = — A-lbg (0) (2.13)

is a solution of Eq, (2.11),

Thus, the matrix equation (2,11) has as many solutions as does the scalar equation
(2.12), Therefore, in order to solve the problem we have posed it suffices to investigate
Eq. (2.12), The number of roots of Eq, (2. 12) depends on what the quantity ¢4 -1p
itself represents, Our judgement on this quantity, needed for solving the problem being
considered, can be made by using the stability condition (1,7) for the linear system
{1.6).

As follows from the determinantal relation derived, for example, in [3] (p. 132), the
characteristic equation (1, 8) can be represented in the form

det (A —AE)[1 + ke (4 — AE) ]l =0 (2.14)
For the fulfillment of inequalities (1. 7) it is necessary that the sign of the coefficient

of the highest power of A in Eq, (2.14) be equal to the sign of the free term , This
necessary stability condition has the farm

(=1 det (A) [1 + kA1 >0 (2.15)
By [ we denote the number of positive eigenvalues of mawix 4. Then, obviously,
(—1)~tdet (4)>0 (2.16)
Using (2, 16), instead of inequality (2.15) we obtain
(=D + ked"0] >0 (2.17)

From inequality (2,17) it ensues that
cAWNW—1/k (0<—1/cAD<k) (=2p+1) (2.18)

cAYO > —1/k (=2p)(p is an integer) (2.19)

Let us now return to the investigation of Eq, (2,12), Here we shall be interested in
the nonzero roots,

At first let [ = 2p + 1. Since here c4 "1 b == 0, Eq, (2.12) can be represented in
the form P (0) /0, = —1 /cA"lb (220)
The left hand side of relation (2, 20) is a continuous function and, moreover, @ (0)/0—>
~> k as 0 — (. From condition {1, 5) it follows that in the presence of inequality
(2.18) Eq, (2, 20) has at least two roots :a positive one o, and a negative one ¢_, (Fig,1).

Now let [ == 2p If ¢4~ = 0, then Eq, (2,12) has only a wivial solution, When
cA1b =0 ,Eq. (2,12) can be written in form (2.20). If c4~1b <0, then, as we see
from inequality (2,19), —1/cA~1b>k. From condition (1.4) it ensues that Eq, (2, 20)
has no roots, If 4715 > 0, then —1 ] cA~1b <C 0 and, as again follows from condi-
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tion (1, 4), Eq, (2, 20) has no roots, Consequently, if l = 2p, Eq. (2.11) has the unique
solution z = (),

u Thus, taking into account the lem-~

N ma proved above, we obtain the fol-

lowing two theorems,

Theorem 2,1, More than one
stationary state exist in system (1.1),
(1.2) if and only if matrix 4 has no
zero eigenvalues and the number of
its positive eigenvalues is odd,

Theorem 2.2, If matrix A
does not have zero eigenvalues and
Fig. 1 the number of its positive eigenvalues

is odd, then system (1, 1), (1, 2) has

at least three stationary states,

Corollary. If all the eigenvalues of matrix 4 have nonpositive real parts, then
system (1,1), (1. 2) has only one equilibrium state £ = 0. 1In order to find all the sta-
tionary states of the system we need to find all the roots of Eq, (2,12) and to substitute
them into the right-hand side of relation (2.13),

As an example consider the following function ¢ (6):

— M (ks —M)
u=@(0)={ ks (|ks|M) (M =const >0) (2.21)
M (ks = M)

Function (2, 21), describing a linear feedback with saturation, obviously satisfies con-
straints (1, 3)~(1. 5), When the hypotheses of Theorem 2,2 are fulfilled, Eq, (2,12) has
only three solutions,

o_,=cA7bM, 0,=10, 03=-—cd4d7bM
The three states

z_ =AM, z,=0, z = —A~bM (2.22)
will be equilibrium states of system (1, 1), (2. 21).

We note that the question of the stationary states of controlled systems was analyzed
in a somewhat different formulation in [6],

8, The case k — oco. Let us consider the case when the function ¢ () is dis-
continuous at o = (), Let

Jim 9(3) =¢(—0) <0, limg(9) = ¢(+0)>0

We shall assume that the function ¢ (o) is continuous when ¢ =5 0, At 0 = () we
define the function @ (o) in correspondence with the theory of differential equations
with discontinuous right-hand sides [7], Let ¢b =& O, then

¢(—0) when z&= P,
9(0)={ —cAz/cb when z & P, 3.1)
o (+0) when z & P,

where
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P, w {z: cx =0, —cAz]chb<g(—0)}
P,={z:cx=0, o¢(—0)<<—cdz/cb<op(+0)}
Py={z:cx =0, ¢(+0)<<—cAz/cb}

The definition (3, 1) of the value ¢ (0) is such that the derivative ¢" relative to system
(1.1),(1.2) equals zero at points z <= P, . In region P, system (1.1), (1. 2) has the form
dz bcA

At the points £ & P, or x & P, the derivative 0” == 0, i, e, the phase trajectories
“pierce" the segments P, and P, of the hyperplane cz = 0.

As before we shall take it that conditions (1,4) (the left part) and (1. 5) are fulfilled,

As we see from (3,1), the state £ = O is a stationary state of system (1.1),(1.2).
We shall assume that this equilibrium state is asymptotically stable, The necessary and
sufficient condition for the asymptotic stability of the state x = () contains two requi~
rements [8].

The first requirement is that the set P2 should be an "attracting” set, This requirement
is described in the form of the inequality

cb < 0 (3.3)

The second requirement is that a motion starting from points £ = P, sufficiently close
to the origin tends asymptotically to the origin, remaining on set P,. Equation (3,2),
which describes the motion of the system on set P, (the so-called sliding motion), obvi-
ously has one zero eigenvalue A, = 0 corresponding to the integral ¢x = const. The
second requirement reduces to this, that all the remaining eigenvalues of system (3, 2)

have negative real parts, RehM <0 (i=23,...,n) (3.4)
The values A; (i = 1,2, ...,n) are the roots of the characteristic equation
det (A — bcA [ cb —AE) =0 (3.5)

We now proceed directly to the investigation of the question regarding the stationary
states, There is only one equilibrium state z = ( on the plane ¢z = ( . Indeed, there
are no stationary states on the sets P, and'P gjbecause on them ¢" == 0 (by virtue of
inequality (3,3) ¢" <C 0 whenz &= P, and ¢° > 0 when z & Pj). On the set P,
there cannot be stationary states besides the state £ = 0 as a consequence of condition
(8.4),

The investigation of the question on equilibrium states lying ontside the plane ¢z = 0
reduces to the examination of Eq.(2.1). Under condition (2,2) the investigation of Eq,
(2.1), analogous to the one carried out in Sect, 2, leads to the lemma formulated in that
section, Thus this lemma holds also in the case k = oo.

The course of the arguments as presented in the preceding section for condition (2, 2)
is preserved for condition (2.10). We should set £ = oc in inequalities (2,18) and
(2.19), However, let us derive these inequalities for the case & = oo by means of rigor-
ous arguments, As follows from [3], the characteristic equation (3, 5) can be written in

the form det (4 — AE) [1 — (cA/cb)(A — AE)™* b] = 0 (3.6)
In this equation the free term equals zero, The expansion of the expression occurring

within the brackets in powers of A starts with the term — A (c4 ~1p/¢b). For the fulfillment
of inequalities (3, 4) it is necessary that the sign of the coefficient of the highest power
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A™ in Eq, (8. 6) be equal to the sign of the coefficient of A. This necessary condition

has the form (— 1)™ det (4) (— cA™1b/cb) > 0 3.7
Using inequalities (2,16) and (3, 3), instead of (3, 7) we obtain the expression
(—=1ledA" >0

Hence follow the inequalities which are obtained from (2,18),(2.19) with & = oo
cA b <0 (I=2p+ 1), ed >0 (I=2p)

Thus, Theorems 2,1 and 2,2 hold in the case £ = oo ,
A typical example for the present section is a system with relay feedback, In such
a system the function ¢ (0) has the form

@ (o)== —M (c<0), e@)=M (c>0)

Wwith due regard to this formula and to formula (3, 1) the expression for the control can
be written in the form

—M (cz<{0 or c¢x=0 and — cAzfcb <l — M)
u={—cAzfcb  (czx=0 and|cAz/ch|<<M) (3.8
M (cx>0 or cx=0 and - cAzfcb > M)

The function .¢ (o) satisfies all the conditions listed in this section, When the hypotheses
of Theorem 2,2 are fulfilled, system (1, 1), (3. 8) has the three stationary states (2,22),

Let us present one more example,

We consider the motion of an aircraft at a constant altitude with a velocity of constant
magnitude, We assume that the aircraft has been roll stabilized, then the aircraft’s equa-
tions of motion in the horizontal plane can be written, under certain assumptions, in the
form [9, 10]

dz/dt = 22, dza/dt = @axs -+ @naxy + bou, dzy/dt = agzs -+ a33%3 -+ bgu (3.9)

Here z, and z; are the course and the sideslip angles, 2 is the angular course velocity,
u is the angle of deflection of the aerodynamic surfaces satisfying the condition| u |<<
< ug, where v, is the maximal possible deflection angle, the constant coefficients as2,
@23, ag3, agg, by, b, are determined by the aerodynamic and weight design of the aircraft
and by the velocity of the motion of the center of gravity,

Let us assume that the desired mode of motion of the aircraft is motion with a constant
course angle z; = 0. Then, obviously, the desired state of system (3, 9) will be the state
z = 0.Suppose that the feedback (1,2) which stabilizes this state satisfies conditions
(1. 3) (or (3.1)),(1.4),(1,7): as a consequence of the constraint | u | < uy, it also satis-
fies condition (1, 5), The matrir A4 in system (3, 9) has at least one zero eigenvalue
(the aircraft without feedback isindifferent to the course angle). Therefore, system(3. 9),
(1.2) has only the one stationary state x == (.

4, Stability of the stationary states, In thissection we shall assume
that the hypotheses of Theorem 2,2 are fulfilled, i, e, we shall take it thatdet (4)==0
and [ = 2p 4 1.

Let z, == 0 be a stationary state of system (1,1), (1.2), corresponding to the roots
05 == U of Eq. (2.12). Let us consider the question of the stability of this stationary
state,

By means of the relation
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z=z,+y (4.1)
we introduce the vector y of new variables, We shall take it that the function ¢ (o) is
analytic in some neighborhood of the value o,,

P (3) = (%) + ¢ (3,) (5—3,) + (1/m!) 9™(5,) (5 — 5,)™ + O [(5 — 6,)™*] (4.2)

Here m is the order of the first, after ¢’ (o), nonzero derivative of the function ¢ (o)
at the point o and O [(¢ — ¢ ,)m+1] is a function whose expansion starts with terms of
order not less than m - 1. Then system (1,1), (1.2) can be written in the form

B — Ay by (5) ey + b g (5,) (cy) 4+ BOL(er)™] (4:3)

The question of the stability of the stationary state &, of system (1, 1), (1. 2) is reduced
to the question of the stability of the equilibrium state y = 0 of system (4, 3), The first
approximation equation for system (4, 3) has the form

dz ] dt = (A + ¢’ (0,)be)z (4.4)
Let us first consider the situation when the inequality
(—1/cAb)o < g (o) (4.5)

holds for some € > 0 and for all values of 0 satisfying the condition 0,-¢ << 0 <C 0,
A similar situation holds in Fig,1 at the points o_;, 5_;, 0;.Obviously, the inequality

—17eA7% > ¢’ (o) (4.6)
holds under condition (4, 5).

Let us show that the following theorem holds,

Theorem 4,1, If ¢’ (0:) << — 1/ cA~1p, then the stationary state z, of system
(1.1), (1.2) is unstable,

System (4, 4) differs from system (1, 6) only in that in system (4.4), ¢’ (5;) occurs in
the place of the quantity &, Therefore, as follows from inequality (2.18), the inequality
¢’ (05) > —1/¢A7b is a necessary condition for the asymptotic stability of system (4.4).
As we see from (4. 6), thisnecessary condition is not fulfilled in the situation of (4. 5).
When strict inequality holds in relation (4. 6) (the curve © = ¢ (o) intersects at the point
o = 0, the straight line u= (-1/cA"'b)0 passing from the upper halfplane to the lower),
system (4, 4), and, hence, also system (4, 3) [11], is unstable, '

Suppose that equality holds in relation (4. 6) (the curve u = (o) is tangent to the
straight line y = (—1 / c471b) o) at the point 0 = 0,), Then, as follows from expres-
sions (4, 2) and (4, 5),

™ () >0, o if m=2g (4.7)
o™ (o,) < Q, if m=2¢g+1 (¢ isan integer)
When equality holds in relation (4, 6), systems (4, 3) and (4. 4) acquire the form
dy b 1
T = (4~ )yt brr e G @+ 0 (48)

dz be
a=(4— i) (4.9)

System (4. 9) has a zero eigenvalue corresponding to the integral ¢4 ™'z = const. If
among the remaining ones there is an eigenvalue with positive real part, then system
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(4. 9), and, hence, also system (4, 8), is unstable,
Let us assume that A; = 0 is a simple eigenvalue of system (4, 9) and that all the
remaining eigenvalues have negative real parts,

Red; <0 (i=23,...n) (4.10)

The values A; ({ = 1, 2, ..., n) are the roots of the characteristic equation

det (4 — bc JcA™1b — AE) = 0 (4.11)

We prove the following theorem,

Theorem 4,2, If ¢’ (0,)) = — 1/ cA~b, Eq. (4.11) has a simple zero root,
and the real parts of the remaining roots are negative, then the stationary state Z, is
unstable,

The assumptions made reduce the problem of the stability of the system (4, 8) to the
investigation of the so-called [11] critical case of one zero root, Let us apply the results
obtained by Liapunov ( [11], pp. 92-96) for this critical case to the problem being con~
sidered here, In accord with the investigative method suggested in [11] we shall accept
the integral vy = c4~ly of the linear system (4, 9) as the new variable for system (4.8).
Furthermore, we introduce new variables v, ..., v, such that the corresponding transfor-
mation y = Dv is nonsingular, Then, system (4, 8) acquires the form

dv b 1

- =D (A—— 74—f1b‘) Dy + Db ——— (™ (5) (cDv)™ + D0 [(cDv)™*1]  (4.12)
Moreover, the first equation of this system (it is obtained by multiplying system (4. 8)
on the left by the row ¢4 ™) has the form

dvy 1
i = cAT — ™ (5;) (cDv)™ + cATBO [(cDv)™ (4.13)

We equate the right-hand sides of Eqgs, (4. 12) to zero,
b 1
(A —TAab ) Dv + b —+ @™ (55) (¢Dv)™ + b0 [(¢Dv)™*}] =0 (4.14).

Let us look upon the last (r — 1) scalar relations in system (4, 14) as equations in the
variables v, ..., vy, taking v, as an independent variable [11], Let

vy = u; (v1) i=23,..,n (4.15)-

be the solution of these equations, where u; (0) = 0.
By multiplying relation (4.14) on the left by the row c4 2, we obtain
_ cA™% 1

AT DY — g eDv + eA7 - ™ (05) (cDo)™ + cAT2b0[(cDo)™ ] =0 (4.16)
The first term in Eq, (4. 16) is the variable v. The solution of Eq, (4,16) with respect
to the variable ¢Dv can be expanded into a series in the variable v, in the following
manner cA™1b

Dy = = 1+ ... (4.17)

where the dots denote terms of higher order in the variable v, Hence it follows that
the quantity eDv (v), where v (1) is a column consisting of the functions vy, 42 (Y
.-y Un (1) , also can be expanded into series (4,17).

We make a change of variables in system (4.12) by means of the relations

n=v, vi=witu) (=23, ..,n)

After this change Eq, (4.13) acquires the form
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dor [ dt = goi™ - Vi (01, w, ..., wy) (4.18)
where, in correspondence with (4,17),

(c A~ TB)™HL
(cA™%B)™
the function V, (v, ws, ..., wp) contains terms whose dimesion is not less than m, and the

expansion of the function V; (,0,..., 0} starts with térms whose degree is not less than
m-+ 1.

If m=2q, system (4, 8) is unstable [11] independently of the sign of the coefficient g.

If m = 2¢ -+ 1, the solution of the stability problem does depend on the sign of coef-
ficient g. In expression (4.19) the signs of all the quantities excepting the quantity
-cA~%b are known, Let us find the sign of this one quantity,

Using the determinantal relation [3], the characteristic equation (4, 11) is written in
the form -

det (4 — ‘/\,E)[i - 9—(14-;—%7}?5)—3]

In this equation the free term equals zero, The expansion of the expression within the
brackets in powers of A starts with the term —A (cA™3b/c4~1b). From inequalities (4,10)
it follows that the sign of the coefficient of A" in Eq, (4.20) equals the sign of the coef-
ficient of A. This condition can be written in the form

(—1)" det (4) (—cA2b/cA™1b) > 0 (4.21)

Using the condition that I = 2p +1 and the inequalities (2,16) and (2,18), instead of
relation (4, 21) we obtain the desired inequality
eA™%b < 0 (4.22)

From inequalities (4. 7) and (4,22) it follows that if m = 2¢ - 1, then g > 0.Con-
sequently, system (4, 8) is unstable when m is odd [11].

The critical cases when Eq, (4, 11) has multiple zero roots or has a zero root and a
pair of pure imaginary roots, while the real parts of the remaining roots are negative,
remain uninvestigated,

We now look at another situation, Suppose that there exists & > O such that the

inequality (—1]cA-)o > ¢ (0) (4.23)

holds for all values of ¢ satisfying the condition 0, — & <{ 0 < 0y . A similar situa-
tion holds on the Fig,1 at the points o_,, 0,. From condition (4,23) we obtain that
—1/c47% < ¢’ (o)) (4.2%)
If strict inequality holds in relation (4, 24) (the curve # = @ (0) intersects at the point
¢ = O, the straight line u = (—1 ] ¢A~b) ¢ passing from the lower halfplane to the
upper), then this signifies that only the necessary stability condition (2,18) is fulfilled,
We cannot make a successful conclusion regarding the stability in this case, For example,
the state z, is obviously asimptotically stable if @' (o) == k. As follows from [1], the
state , will be asymptotically stable also for all values of @' (0,) sufficiently close to
the value %.
We now examine the case when equality holds in relation (4, 24), Here, as follows
from expressions (4.2) and (4, 23),
m (o) <0, if m=2q
@ffm (6) >0, if m=2¢+1 (4.25)

1

=0 (4.20)
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In the case being considered systems (4, 3) and (4. 4) acquire the form (4, 8) and (4. 9),

respectively, We shall assume that inequality (4,10) holds and, here, the stability prob-
lem reduces to the investigation of the critical case of one zero root, In this case stabi-
lity is determined by the quantities m and g in Eq, (4.18). When m is even the state
is unstable [11], '

Now let m = 2¢ + 1. Here, as follows from inequalities (4, 22) and (4.25), the coef-
ficient g << (. and, consequently [11], the stationary state x, is asymptotically stable,

Thus, the following theorem holds in the situation of (4, 23),

Theorem 4,3, If ¢' (0,) = — 1/ cA™1b, Eq, (4.11) has a simple zero root
while the real parts of the remaining roots are negative, then the stationary state z, of
system (1.1), (1. 2) is unstable for even m and is asymptotically stable for odd m.

Thus, in the situation of (4, 23) the state Z, can be both asymptotically stable and
unstable depending on the behavior of the function ¢ (o),

For the Eqs, (2,21) and (3, 8), presented as examples in the preceding sections, the
stationary states z3= A'bM and z, = — A~1bM are unstable, This follows from Theo-
rem 4.1,

6. Stability region, Let W denote the region of attraction (the stability region)
of the origin, i, e, the set of states = from which system (1.1), (1.2) asymptotically goes
into the origin, Obviously, there exists a neighborhood § of the origin, belonging wholly
to region W,

If system (1.1), (1. 2) has only one equilibrium state z = Q.this still does not mean
that the region I coincides with the whole space X. If, however, the system has more
than one stationary state, then we can assert that region W does not coincide with the
whole space X.

From Theorem 2,2 it follows that if matrix A is nonsingular and if the number of its
positive eigenvalues is odd, then the region W does not coincide with the whole space X,
i.e, system (1,1), (1. 2) is not stable "in-the~large”,

If function (1.2) is bounded, | (0)|<< M, as in examples (2. 21), (3, 8) and (3, 9), then
the region W occupies only a part of space X in any case when there are eigenvalues
with positive real part in matrix A, Indeed, as follows from [2, 12] for example, in such
a case the so-called region @ of controllability of system (1, 1) with controls |u ()] < M
occupies only a part of space X,and W C Q.

We take an arbitrary point z, & W. There exists an instant 7 such that the trajectory
z (xg, t) of system (1,1), (1. 2), starting from the point z,, turns out to be inside the neigh-
borhood $ at this instant, =z (z,, 7) € S. From the fact of the continuous dependence
of the solution on the initial conditions if follows that the trajectories starting from a
sufficiently small neighborhood of the point z,, turn out to be in the neighborhood § at
the instant 7', It follows from this that the region W is open,

Let R denote the set of limit (boundary) points of region W. If z, € R, thenz (z,, )&

& R for all 2. This follows readily from the continuous dependence of the solution on
the initial conditions, In other words, the boundary R of the stability region W, consists
wholly of integral trajectories of system (1.1),(1.2).

It is not difficult to see that only the unstable stationary statesofsystem (1,1), (1, 2)
may belong to the boundary & .
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SELF=-SIMILAR SOLUTICONS OF THE BELLMAN EQUATION

FOR OPTIMAL CORRECTION OF RANDOM DISTURBANCES

PMM Vol, 35, N2, 1971, pp. 333-342
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éMoscow)
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A nonlinear second order partial differential equation (Bellman equation) is solved for
some characteristic problems of optimal correction of motion in the presence of random
distrubances and integral constraints on the control function,

For these problems, classes of self-similar (invariant group) solutions of the Bellman
equation are computed, Some exact analytical solutions are obtained,

1. Formulation of problem, Letthe motion of the system be described by
the following equation:
dz ] dt = a(t)u+ b (), z(t) =z (1.1)

Here £ is time, z is the scalar phase coordinate, L is the control function, £ is the
random disturbance which is represented by white noise of constant intensity, a (¢) and
b (2) are given functions of time which have the meaning of control efficiency and



